We present in this work the size-dependent and shape-dependent properties of carbon domains in hybrid h-BN/C sheets with the goal of tailoring their energy gaps. We have considered triangular, hexagonal, circular, and rectangular carbon domains embedded in h-BN sheets and optimized the structure of these h-BN/C sheets using the recently developed semi-empirical method, referred as SCED-LCAO. Calculated energy gaps of hybrid h-BN/C sheets exhibit interesting size-and shapedependent properties. The energy gap of h-BN/C sheets embedded with rectangular domains shows a semi-metal behavior, while the size-dependence of the energy gap of hexagonal carbon domains exhibit a power-law decrease, and that of the energy gap of h-BN/C sheets with circular carbon domains show an oscillatory behavior. It is evident from the density of states calculations that the reduction in the energy gap of hybrid h-BN/C sheets compared to pristine h-BN sheets mainly arises from carbon domains. The bond distortions due to competing bond lengths (C-C, C-B, C-N, B-N, etc.) at the domain boundary also introduce states in the gap and this is particularly evident in sheets with smaller carbon domains.
I. Introduction 2
With the advances made in synthesizing two-dimensional materials such as graphene and monolayer h-BN, there is unprecedented enthusiasm in the research on two-dimensional materials as they open the door to many technological innovations and provide a perfect playground to test the existing theories and models for two-dimensional systems. The properties of materials in reduced dimensions are different from their bulk counterparts because of effects arising from the quantum confinement of electrons and size-effects that profoundly alter the electronic, transport, optical, and other properties of 2D materials. Specifically, a fundamental research on 2D ternary systems is exciting because, by varying the percent composition of an element in a hybrid structure, one could tune the energy gap. Such materials design studies are necessary for the progress in photovoltaics research.
Graphene is known to have a unique band structure with a zero band gap at the Dirac point and a linear energy dispersion near its Fermi level [1] , while h-BN is a wide band gap material with an energy gap of 5.9 [2, 3] . With synthesis of these materials via exfoliation or CVD becoming a routine, it is natural to ponder over the question: "whether it is possible to synthesize an atomic sheet composed of ternary elements B, N, and C?" If so, will it form an alloy sheet or will it phase separate into BN domains and graphene domains?
Recently, the Rice university group synthesized 2D hybrid structures of boron nitride and graphene domains using methane and ammonia-borane as precursors for BN and C in a thermal catalytic CVD method [4] . The experimental set-up allowed the carbon content in the hybrid structure to be controlled and thus allowing a study of the energy gap dependence as a function of the atomic percent composition of carbon (0%, 35%, 65%, 85%, etc.) in the hybrid structure. A variety of characterization tools ((AFM, HRTEM, Raman, XPS, EELS, and UV-visible absorption spectroscopy, etc.) was used to determine the atomic structure and bonding of hybrid ternary BNC 3 films. Based on the results of these characterizations, the authors argue that the observed structure was neither an alloy nor a stacked structure of h-BN and graphene but a hybrid 2D structure composed of graphene and BN domains. Specifically, the absorption spectroscopy experiment conducted on the synthesized samples reveal a second absorption peak corresponding to carbon domains in the BNC sheet and, furthermore, the position of this peak shifted to higher wavelengths as the carbon content in the hybrid structure increased. More specifically, the optical gap shifted from 1.62 eV to 1.51 eV, as the carbon content in the hybrid BNC sheet increased from an atomic percentage of 65% to 85%. This experiment demonstrates that by controlling the domain size of graphene domains, one can tune the energy gap in a hybrid BNC sheet composed of BN and graphene domains. Other experimental groups also reported similar results [5] [6] [7] On the theoretical front, the literature reports a study that calculates the formation energies and energy gaps of circular shaped carbon quantum dots (QD) of different diameters embedded into h-BN sheets using the DFT method as implemented in the SIESTA code [8] . This study finds the formation energy to oscillate as a function of the size of the carbon quantum dots and concludes that the hybrid system has lower energy whenever the quantum dot contains complete aromatic rings. The density of states for the hybrid (QD + h-BN) system seems to indicate the existence of a strong hybridization among 2p orbitals of B, N and C. The energy gap dependence as a function of the diameter of graphene QD, as obtained in Ref. [8] . Similar results were also reported by other theoretical groups [9, 10] It is worth noting that the theoretical study presented in ref. [8] is restricted to circular graphene quantum dots in h-BN sheets and the highest atomic percentage considered is less than 11%, while the BNC films investigated by the Rice group contain graphene domains and BN domains of random size and arbitrary shapes. sheet as a function of the size and shape of graphene domains. In section 2, we will briefly introduce our calculation method and in section 3, we will discuss the results obtained from such a study. Finally, we will give our conclusion in section 4
II.
Calculation method
The computations are performed using a semi-empirical Hamiltonian, referred as SCED-LCAO, developed at the University of Louisville [11] . In this approach, the screening effects of electronelectron and electron-ion interactions in a multi-atom environment are captured through environment-dependent (ED) functions and charges are calculated self-consistently (SC). The framework of our approach uses a linear combination of atomic orbitals (LCAO) and a minimal basis set (sp 3 ) to describe the Hamiltonian. While the SCED-LCAO Hamiltonian mimics the interaction terms of the density functional theory (DFT) Hamiltonian, it is parameterized. The matrix element of the new generation of SCED-LCAO the Hamiltonian is given as [12] :
The [2] , respectively for h-BN, and 5.4 eV for w-BN [3] ). Figure 1 depicts the four different types of graphene domains embedded in an h-BN sheet.
In addition, the size of the graphene domains will be changed to understand the roles played by both size and shape of graphene domains in altering the band gap of pristine h-BN sheet. As a first step, we optimize the structure of a pristine h-BN sheet and determine the energy band gap as fully optimized and relaxed using the SCED-LCAO method and only two of them (i.e., T-B1 and T-B2) are found stable. They were shown in Fig. 2 
(a).
h-BN has a wide band gap with the Fermi level clearly shown between the top of the valence band (VB) and the bottom of the conduction band (CB) (see the top panel in Fig. 2 (b) ).
Embedding a triangular graphene domain on the h-BN sheet changes the physiognomy of the density of states. For instance, in the cases of triangular Boron 1 and 2 (T-B1 and T-B2), even though the shapes and the positions of the VB and CB almost unchanged, there are a few 'impurity'
states appearing within the gap of the pristine h-BN sheet and the larger the size of the graphene domain, the more the states, and therefore the narrower the band gap (see the middle and bottom panels in Fig. 2 (b) ). With the appearances of some states between VB and CB of the DOS calculations, we were interested in finding the origin of such states hence it was proposed to calculate the local density of states (LDOS) located at the carbon domain. The bottom panel in by carbon. These samples were optimized and fully relaxed using the SCED-LCAO, and the relaxed h-BN sheet with different size of triangular nitrogen graphene domains were shown Fig. 3 (a). The electronic density of states calculations for triangular Nitrogen show that the replacement of boron and nitrogen atoms by carbon atoms through embedding leads to the appearing of states both at the top of the valence band and the bottom of the conduction band (see Fig. 3 (b) ) hence a decrease in the energy difference between the two bands. With increasing the size of the graphene domain, the shapes of VB and CB change, e.g., their peaks were broaden and their tails were extended towards the gap, leading to narrowing the band gap. The calculation of the LDOS located 10 at the carbon domain for T-N4 as an example is shown in Fig. 3 (b) and it reveals that the states appearing between the VB and CB are partially due to the presence of the carbon domain and partially due to the boron and nitrogen atoms at the boundary. The states are more pronounced as the size of the domain increases. B. Circular Shapes of graphene domains.
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Circular graphene domains are constructed by creating the graphene domain with circular shapes embedded in our h-BN sheet. The possible smallest domain is circular1 (C-1)
which is a complete hexagon of 3 boron and 3 nitrogen atoms which are all replaced by carbon hence a total of 6 carbon atoms. A total of 6 different sizes of circular shape (i.e., C-1, C-2, C-3, C-4, C-5, and C-6) were found to be possible to be embedded on our 15x10 BN sheet. The largest circle has a diameter of 23.97Å. It was found that, during the relaxation, the graphene domain kept intact towards the center of the circle, while at the boundaries the strong interactions between the 3 different atoms lead to break of the hexagonal symmetries locally more noticeable in the smaller circular domains. The relaxed h-BN sheet with various circular graphene domains were shown in Fig. 4 (a) . The electronic density of states shown in Fig. 4 (b), predict the appearance of new states both at the top of the VB and also bottom of the CB similar to the cases found in the triangular domains. Through local density of states calculations (e.g., the red curve of Fig. 4 (b) shows the LDOS for graphene domain C-6), the states were identified to be mainly contribution from the graphene domain which is also observable from the total DOS since as the diameter of the circles increase the states also appear more clearly together with a shift of the Fermi level towards to the conduction band in the h-BN sheet;
suggesting a decrease in the energy gap. and 21.00Å, respectively. At the boundaries the interactions between the carbon atoms and boron or nitrogen atoms are strong but the symmetries are kept. The relaxed h-BN sheet with various rectangular graphene domains were shown in Fig. 6 (a) . The electronic density of states calculations also revealed that the introduction of rectangular graphene domains within the h-BN sheet favored the appearance of some hybrid states at the top of the VB and the bottom of CB. As the area of the rectangular domains increases a decrease in the energy difference between the two bands was found when compared to the energy gap of pure h-BN sheet. The origin of the hybrid states between top of the VB and bottom of the CB were also confirmed to be from the carbon 15 domains through calculations of the LDOS for the rectangular graphene domain (e.g., the red curve in Fig. 6 (b) shows the LDOS for R-7 domain). For larger graphene domains, the contributions to these states come mainly from the carbon domain.
For the case of hexagonal hybrid h-BN/C sheets, the initial structures contain complete hexagonal carbon rings within the graphene domain. Since the six-fold symmetry of hexagonal rings is not broken upon relaxation, there are no symmetry-broken states within the gap. As the size of the carbon domain increases, the energy gap oscillates as the size of the graphene domain increases and this behavior is attributed to the aromaticity property of the carbon rings [17] . There 
